We compute the one-loop β-functions describing the renormalisation of the coupling constant λ and the frequency parameter Ω for the real fourdimensional duality-covariant noncommutative φ 4 -model, which is renormalisable to all orders. The contribution from the one-loop four-point function is reduced by the one-loop wavefunction renormalisation, but the β λ -function remains non-negative. Both β λ and β Ω vanish at the one-loop level for the duality-invariant model characterised by Ω = 1. Moreover, β Ω also vanishes in the limit Ω → 0, which defines the standard noncommutative φ 4 -quantum field theory. Thus, the limit Ω → 0 exists at least at the one-loop level.
Introduction
For many years, the renormalisation of quantum field theories on noncommutative R 4 has been an open problem [1] . Recently, we have proven in [2] that the real dualitycovariant φ 4 -model on noncommutative R 4 is renormalisable to all orders. The duality transformation exchanges positions and momenta [3] ,
whereφ(p a ) = d 4 x e (−1) a ipa,µx µ a φ(x a ). The subscript a refers to the cyclic order in the ⋆-product. The duality-covariant noncommutative φ 4 -action is given by
Under the transformation (1) one has
In the special case Ω = 1 the action S[φ; µ 0 , λ, 1] is invariant under the duality (1) . Moreover, S[φ; µ 0 , λ, 1] can be written as a standard matrix model which is closely related to an exactly solvable model [4] . Knowing that the action (2) gives rise to a renormalisable quantum field theory [2] , it is interesting to compute the β λ and β Ω functions which describe the renormalisation of the coupling constant λ and of the oscillator frequency Ω. Whereas we have proven the renormalisability in the Wilson-Polchinski approach [5, 6] adapted to non-local matrix models [7] , we compute the one-loop β λ and β Ω functions by standard Feynman graph calculations. Of course, these are Feynman graphs parametrised by matrix indices instead of momenta. We rely heavily on the power-counting behaviour proven in [2] , which allows us to ignore in the β-functions all non-planar graphs and the detailed index dependence of the planar two-and four-point graphs. Thus, only the lowest-order (discrete) Taylor expansion of the planar two-and four-point graphs can contribute to the β-functions. This means that we cannot refer to the usual symmetry factors of commutative φ 4 -theory so that we have to carefully recompute the graphs.
We obtain interesting consequences for the limiting cases Ω = 1 and Ω = 0 as discussed in Section 5.
Definition of the model
The noncommutative R 4 is defined as the algebra R 4 θ which as a vector space is given by the space S(R 4 ) of (complex-valued) Schwartz class functions of rapid decay, equipped
Here, B(a, b) is the Beta-function and 2 F 1 a,b c z the hypergeometric function. As usual we solve the interacting theory perturbatively:
It is convenient to pass to the generating functional of connected Green's functions,
In order to obtain the expansion in λ one has to expand ln(1+x) as a power series in x and exp(−V ) as a power series in V . By Legendre transformation we pass to the generating functional of one-particle irreducible (1PI) Green's functions:
where J has to be replaced by the inverse solution of
The computation of the expansion coefficients
of the effective action involves possibly divergent sums over undetermined loop indices. Therefore, we have to introduce a cut-off N for all loop indices. According to [2] , the expansion coefficients (17) can be decomposed into a relevant/marginal and an irrelevant piece. As a result of the renormalisation proof, the relevant/marginal parts have-after a rescaling of the field amplitude-the same form as the initial action (2), (7) and (8), now parametrised by the "physical" mass, coupling constant and oscillator frequency:
In the renormalisation process, the physical quantities µ 2 phys , λ phys and Ω phys are kept constant with respect to the cut-off N . This is achieved by starting from a carefully adjusted initial action
, which gives rise to the bare effective
Expressing the bare parameters µ 0 , λ, Ω as a function of the physical quantities and the cut-off, the expansion coefficients of the renormalised effective action
are finite and convergent in the limit N → ∞. In other words,
This implies the renormalisation group equation
where
4 One-loop computations Defining (∆J) mn := p,q∈N 2 ∆ mn;pq J pq we write (parts of) the generating functional of connected Green's functions up to second order in λ: 
In second order in λ we get a huge number of terms so that we display only the 1PI contribution with four J's. 
The remaining part not displayed in (27) removes the 1PR-contributions when passing to 
Here, (28a) contains the contribution to the planar two-point function and (28b) the contribution to the non-planar two-point function. Next, (28c) and (28d) contribute to the planar four-point function, whereas (28e), (28f) and (28g) constitute three different types of non-planar four-point functions.
Introducing the cut-off p i , q i ≤ N in the internal sums over p, q ∈ N 2 , we split the effective action according to [2] as follows into a relevant/marginal and an irrelevant piece (Γ[0] can be ignored):
To the marginal four-point function and the relevant two-point function there contribute only the projections to planar graphs with vanishing external indices. The marginal twopoint function is given by the next-to-leading term in the discrete Taylor expansion around vanishing external indices.
In a regime where λ[N ] is so small that the perturbative expansion is valid in (30), the irrelevant part Γ irrel can be completely ignored. Comparing (30) with the initial action according to (2) , (7) and (8), we have Γ rel/marg [Zφ cℓ ] = S φ cℓ ; µ phys , λ phys , Ω phys with
Solving (32), (33) and (34) for the bare quantities, we obtain to one-loop order
Inserting (12) into (36) we can now compute the β λ -function (23) up to one-loop order, omitting the index phys on µ 2 and Ω for simplicity:
Symmetrising the numerator in the second line p 1 → 1 2
(p 1 +p 2 ) and using the expansions
which are valid for large p, we obtain up to irrelevant contributions vanishing in the limit N → ∞ β λ = λ 
